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mOOK NINETEEN 



I. 



limping rule: 



(□•A) — .(-□ 



+ ,1 , 10 




) 



Start at ( ^ ,9 ) and make one jump. Land: 
(The jump iy yhown below.) 



3. 



Make a jump starting at (3,1). Land:^ 



Make five more consecutive jumps and draw them helow. 
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Number 
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4. 



5. 



6. 



Name a point whose first number is larger than 50 , on ^vhich you will 
land ev(jnt.uany, starting at ( Z,9 ) . ^ ^ 

Staf ting at (2,9), will you ever hitt { 603 , 9 ) if you use the rule 

o no ugh times? ^ 

— — . — | | . . ' . I I 

Where can you start so that after 11 consecutive jiirnps you land on » 
( 100 ,9 ) V 



J-18 



New cult': 



••-(□•A) 



(□ 



+ . 5 . 10 



- A) 



A^^am start at ( Z , 9 ) 
draw below. 

Nijinbt' r 



Make as iiit^ny consecutive jumps as you can 
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Number 



Writ(* if ruh^ which will give these jumps; 

^ Set:()ncl 
Number 
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9/ Write a rule W^ich will give these jumps: 



Second 
Nunibe r 
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10, Using the original rule, ( □ , > ( □ + 1 , 10 - A ) , make and 

draw five conse|utive jumps starting at (.6 ,6 ) . 



Se^cond 
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\\. f Using the same ri^leVmake five consecutive junips starting at ( 0,5 ) • 
^raw them on the graph papei* above. 



J-18 



\ 



12. ysing the rule 

■ • ('□• A) 



- - A)- 



nieike and draw five^consecutive jumps starting at ( 2 ,^9 ) . 
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13. ^ Where can you. start so that'VQur jump is horizontal; that- is, so that it 
goes neither up nor down? 
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14* Write a rule which Will give these jumps: 
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(□■A) 



15.^ Write a rule which will 
' give these jumps: 



Second 
Number 




First 
^ -^umber 



(□ • A) 
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16. Instead of adding a constant amount* to this t|me we will add y , so* 
. that the distahce we move to the right will depend on/how far up our start- 
, • ing point is, ' . . , 



The ruU; 




(a) \^ta>l at ( 1,8 ) and make five consecutive jumps. Show them below: 



,N.vimbt?.r . .. .. . . 
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(b) Where can you start so that y6ur jump goes neither up nor down? 

\— — - — — ^ — 

( c ) Where can you start so that your jump goes neither left nor right? 



( fl ) Describe all the standstill points of this rule: 



(e ) If you want to say something about the rules we- have been using so 
far, write it here: 



,1 



II. Jumping *Tule: *• 

i ■ 

(□.A) 



Do the following and, where indicated, show the jumps on the nur/ber plane 
on page 9 . ' ' . 



1. Make a jun^p starting at "( 7,4 



3. 



(1,4-) (^6,3} • 



(lo - A. 10 - [7]) 



Th is jump has be'en plotted for .you on page 9 




.(7,4) 





(Ke member that (ij 



( 6\^) 




is the same as 



r 

\ 

TPlot starting and landing points, 
and drawthe jump* 



. ) 




4. ((6.n-^^ 




5. ( 6,6 ) 




Draw the jump as in 
1 and 3. 



oblfems 




7. (4,6) 



Draw the ju£ip. 



-.1 
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Continvai with the riilc: ( L,l , Ici ) 



I 



T 



( 10 - A , 10 - a ) 




9. (4,7) 




10. 




> 



Draw the ji.uiip. 



H.- ( 9, H ) 



Draw the jump. 



3 



(( V , « ) 



a£iaaa 




13. List ^ stands'till points: 



) ( 

I 



) ( 11 , ) ( , ' ) ( , 0 ) 



Plot these and all other standstill points on the next page 



\ 
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Continue with thu rule: ( j^j^-* ) 



(10 - A, 10 - □ ) 



Picture? ot jumps on preceding tvyo pages: 



Numbe r 




Number 



•iJfi.4. I>e;.scribe a geometric" rnJethod to find the landing ipoint, giv;e'ri$any starting ^ . 
' ■ point. ■ ■ V . -^y '"' ■-. • ' •■ 
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III. 4 Jiunpinj/ rules: 
« 

( 



•A) 



. 1) 



(A'-D) 



( 





1. St^urt at (5,4). Do the following in order: 



d'unip with rule b 

Jump w Lth rule c 

Jujjpp'With rjule b 

Jvxinp witli^rule c 



land: 
land: 
land: 
land: 



4 



) 



Plot ( 5,4 ) and your var:ious landing points below, and connect successive 
points w ith' straight lines. (Ke-ep an eye out for how pne could describe 
geometrically the nature of tjie jumps given by each of tiiese two rules. ) 
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First 



JO Number 
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J' 



b 

Cpntimui with the ruU;a: ( 1 .1 , A ) — ( A , 111 ) 

( 1 .1 , A ) X ( -A , ) 

L Rupeat the preceding for the starting point { H, -7 ) : 
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Number 
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First 
Number 
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'I.; 



( A , 11 ) . 
( -A, -II ) 



X.junli.tiui; with VixlvHl t ' ' > ) 



{ M , A ) 



3., Usin^ Ihv rules in the order b , c , b , c , where could you start so 
that it you connected the points you would get.a square? 

Second 

* * 

Numbe r 
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rj^i: 
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Firs 



1^ 



What happens if you start at { 5,5) and use the rule's in the order 
I.) , c , b > c ?^ ^ ^ , 
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Ccititimu'. with tht! rules: '( I J , A ) 



( A , IJ ) 



( 1- 1 . A ) 



( .-A , -I •) ) 



What happt!i\s it' you start at • (. -4, 4 ) ? 



( 



^'^(G. VVherc» can you start so that when you connect the landing points you have 
a rrctaftgle that is 3 tunes as long as it is wide? 



'M^7. It* you want to say something about these rules, write it here: 



) 



J-18 

er|c : 



hi 



ffpilogiiH 



Kach ot*the rules in this written lesson, with the exception of ' 
( I I , A ) > ( M + , 10 - A ) , is an example of an important class C)f 

number plane jur^ipinj^ rules the isometries. An isometry, or rigid motic^, 

is any jumping rule which preserves distances : 'the distance between any two 
starting points is the same as the distance betvyeen the two landing points given 
by the rule, • . - 

' Ccmsider, lor example, the two starting points (8,7) and ( 12 , 10 ) . ' 
(We picked these points for our first example because the distance between 
them \s 5 units,) Using the rule ( □,A) ^ ... ( □ + 1 , 10 - A ) , we ob- 
tain the lanchng points (9,3) and ( 13,1)), respectively. It is not hard to 
calculate ot see from a picture of thL-se jumps that the distance between the 
starting points, ( 8,7 ) and ( 1^, 10 ), is the same as the distance between the 
landihg points, ( 9 , 3 ) and (13 ,0) . . ^ ' 

Second ' ' * , • 

♦ 

Number 



These' two 
.distances 
are the same 




First 
Number 



P!ven in cases wh-t^re the distance between the two points is very messy 
to compute, you can see from a picture that the distance between the Starting 
points is the same as the distance. betweeri thp landing points. 



. Another t'xuiiAple: The rule (Ll.A) — > ( □ + 1 , 10 -'A) sends 
(^.,9) to (3,1) and (7,8) to (8,2). As the picture below shows, the 
distance bt'twfen' the starting points is the same as the distTnce between the 
land inj^ points . . - 
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These two 
distances 
are the sam 
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V. 



An important f.act about isomctries is that the composite of any two 
isonietrit>s"is als().an Isoinetry . To sej? this, suppose that rules A and B 
are both is-prnetr les , ; If we pick any two starting-points and put them through' 
ri^ile A , the distance between the landing points wi.ll be the same as it was 
between the starting pointig ' If we now apply rule B , again the distance re- 
mains unchanged. Thus,^ the composite rule AB , whic'h has the same 'effect 
as first doing rule ^ A and then rule B , preserves distances, and so it too 
is an isottietry. - 

Consider the first rule in the written lesson; 



( n.A'i 



( □ + 1 , 10 •- A ) 



One way to look at this rule is as th>e composite of two isometries: 

A 



and 



8 as th>< 

( CI , A ) .5^ 
( I I.. A ) 



( 11 + 1 A ) 
/ n, 10 A ) 



Rulu A , ( ) - 

spa CO to the right: 

^'Number 



\ \ \ 1 , A ) , slides every poAnt in the plane one 
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Eirst 
"^umber 



l^^i'^^ » ( ' » ) ^ ^ ' ( [ J , 10 - A ) , flips the whole plane about a horizontal 



liiu\ which IS tive spaces up from (0,0) 
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First 
Number 



il'-he kind of icsomt'try which, likt^ rule A , moves every point the same 
distance and direction might well be called a glide in the elementary classroom; 
technically, it is ciilled a translation . The composite of any two translations 
is again a translation. Since a translation which moyes any particvilar point ' 
moves all othv>r points the san^e distance and direction, no translation except 
the simple one, ( 1.1 , Z\ ) — > ( U,A ) , has any standstill points: Every 
point is a standst^LU point of the rule ( L ) , A ) ^ ( □ , A ) because nothing 

is movlnji; at ally . . • ^ ' ' ^ 

The kind of i^^)metry which, like rule B spins the whole plane about 
siTi'nt* straight line can be spoken of in the classroom a'S a flip; technically, it 
is called a reflection . The standstill' points of a reflection are aJ^l the points 
on the line around which the plane is turned. 

Kule a of pa^ 7 is a reflecUon; this time the flip is made, around the 
diagonal line through ( l(f., 0 ^ and ( 0 , 10 ) . \ 

Rules b and c of page 10 are reflections too; rule b flips the plane 

around the line going through ( 0.^0 ) and (1,1), and rule c flips about the 

line passing through (0,0) and (1,-1 ) . Interestingly enough, the composite 

• . be 

ot these two rotlections, ( U, A ) ( -n,-A ) , is not itself a reflection. 

Instead, it is a rotation through 180** (a half turn) about th'e origin, (0,0 ) . 
NLotice that the only s tands till^point for this composite rotation is (0,0),. 



Sumniary of . Problems in the Film 
"Jumping Rules in the Plane, Part II" 



/ 6th Grade, Jame^ Hussell Lowell School, WatertQwn, Massachusetts 

Teacher: 'Lee Osburn ^ 



n 

f 



■t ! 
I I 



1 



\ • • • ' , 

Here is a new rule'* (□ , A) > X 5 , A) 

Wyll the area change or stay the same now? ' 

Teacher changes the rule to (□ , A) - — > iD X 3^ A). 

Try (I., 5) • , . ' (6,5)" 



7 



Try one of the other points up there. (2 , 3\ goes to (6 3) 

Maybe you>are .right and the a'Vea doe3 stay the same. ^ 
Fry anchher point. 



Another? 



t4 , 3) goes to (12 , 3) 
(4 , 5) goes t9 (12 ] 5)- 
"It has gone three times bigger. 
"The space between the two sets 
of dots is rfftree of those boxes. " 



New problem: Write a rule. so that when you start with that same basic figure 
that we have up there,' your rule will make the ar^a 15 times bigger and put 
the figure down here in the lower left hand quarter. - 



.... ^ ['■'.■■■ 

following are>c«3ie ot the studenls' writteo answers and the teacher's comments; « 

' ..- ' ' (□ , A) —> ( □ , Ax 15) • 

That will make the-area IS times bigger, but will aU'of^he picture be down here? 

Other siit\iiftr answers were: < • , ^ , - . ' 

^ (□ . A) — > *(15.x (□), A) 

ui . • - ■ 

t'U , A) — > (DX S.AXS)-- 
■ J ' (□ , A) — > (□ X 3 , A X 6) • 
• (py , A) (□ X 3 , A X 6) - 6 

If you want to subtract 6 , where do ypu want to subtract it from? (From A X 6)* 

■ ' ■ , J . ■ > 

I hen you have to put it in here: (□ , A ) > (□X3,AX6 -6) 

, ^(D /A)- — > (□ - 2 0 ,'A 5) 

That's not going to make the area bigger- 

9- 



That's going, to be more than 16 times bigger^ 



. — > (□ X is; Ax 16)- 



,. A) — > (□ X 16 , A T* 16) 



That ch:)es funny things. 

LiGt's see it we can get a rule that will make it 1 5 T;imes, Trigger. Then we. will . 
worry about moving it. ' 

. (□ A) >, (□ Xv 15 , A) 

Can you do something to that rute so that it will come down over here? 

(□ , A) > (15 X ( -□), -A) 

Let's try all four of these points on the corners. Where will (2. , 5) go with this 
rule? ■ ■ ' ' • 

. ' " . (_30<* -5) 



19 



Where is that point? Is it goinjj; to be in I , II , III , or IV ? 

(In III.) 
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How .^^bout (4,5)? 

What's the name of the point? ' t 

Is the area K^^^'^U 1^ times the original? 

* 

I low do you know? 



*'It's going to get you in III . " 
( -60 , -5 ) If 



". it would be 30 across, and 
■2 X 30 is 60 and 4X15 is 60 . 



(L; , A) > (5 XL! , 7xA): How many times bigger will the area be? 

('L; A) ^ (100 X □ , 5 X A^ : ^-low many times bigger now? 

(□ JAr > (70 X U , 6xA): How many ^times big^r? ' 

« 

(L; , A) > (2 X lV, } XA): How many times biggei^ 

Using '(LI , A) > (2 X LI , ^ X A), check d couple of points out. Where 

will (2 , 5) go? . ■ . 

. ^ - - ■ . (4 . 2i) . n . .. 

Where will (4 , ,5) go? (2, 3)? (4 , 3).? 
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'The shape cHTanged." 



Wh^it hixppened to the figure? 
It changed from a square to a rectangle, " - 

Us ing J.hat rule, draw a rectangle so that after you u^e that rule once, the 
rectangle w ill t^e a. square, . 



4 * 
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Supplement 
More Work With^ Number Plart^ Rules- 
by Edward Esty 



I. 



The written lesson Epilogue ip this*'bookret introduces isometries, 
which are jumping rules that do not alter distances. Translations, reflec- 
tions and rotations are examples of isometries.' The purpose of this paper 
is to exploVe number plane isometries in some greater de^th, and to develop 

ways ^Of combining simple isometries by composit>ipn"to;^form more compli- 

:\ ^ ' <. ' 

cated ones. * . ^ . i 

,v.. . ^ — ' ' ■ 

As wa|^!^gg.ested in the written lessons, one of 4}he best ways to see, 
what a jumping ' rule does is to try nrta'teing jumps with it. Tj/ying mings out 

8* . f f ' v. ^ 

is the way a child stai^fts to learn ab%ut jumping, rules (among other' things). 
Ybu alsQ^will learn fr^m this proa.ess5> in t%e s^*me'way*as yqur students. ^ 
, Mofit definitely, you shoyld not wait \intil you '^understand all about ' n'umber 
plane rules before. kj.eginning to play with tjie^nlv 



u^and^ tried^^^o"*^ 



After doing the written lesson^, you may have rnade up and tried' 
solve such*questions as; ^'He^ye is ^^.triangle. Can I, make up a rule that 
will move it to a specific place, or tufn it ^^pside^own? " or "Here is a 
rule that I made up. What will it do ^ne can ask what one jump with a 
rule will do to figures located in varit)us places, what w^l happen with 
successive jumps with the rule, and where its standstill ppints are. Whether 
Qr not you and your class were ablq to solve aril the'problems you thought of, 
this supplement will sum up some ofTl^e discbve rill's you paade, and introduce 

you to w'ciys to pursue other interesting problems. ^ ^ 

*^ " « 

Central to what follows is the fact that isometries, wl^en combined 

. ' ' ' -■ . ^ ** . 

by th<? operation of composition, enjoy the foUpwing four properties: 



\/ The composite of two ii^ometries is again an isometry. (See page 15 
in this booklet.) 

Composition is associative. This in tru^ rejfardless of whether the 
rules (fui^ftons) being composed are isometjries or nbL Let A, B, and C* 
be^jfliree jumping rules, and compare (AB)C with AiBi). Each of these is 



^ thai, rule which has the siime effect as first doing rule A, th^n "rule. B, and /.. 
finally rule C. So (AB)C is tl^e same as A(BC). Saying anything mo;'e 
about this would only confuse things. * . ' 

^ . \ ' ^ 

3. . The rule (U , A) ^ (L.l ^, ^) is a"h iffometry, a-nd has, no offecb. ' « 

This niean^ that no matter what rule b is,' .bi 'is the !p*aiV)e a§b ' and ib -^.^ 

< is. also the same as b . In this piper we will always usfe the letter i to ! 

name the 'rule (U , A) ^ .(□ , A). Rule i can be viewed eithejr as, 

u translation that slides every point a distance of ^ero or glse as a.rotation 

through //ero degrees. 

■ : . ;'. * ■ ^ .». . , , .. , . ■ ^ • 

4. If rule;,t i»- any isometry, then .there is an isometry I (read ''t, bar") . 
which undoes whatever rule t did; that is,' • • " 

^ ' • ' tt = i r ' 

-Rule T is ciHJ^d the inverse of rule \lf (See problems 5', 6, and 7 on-pages 
4 anid.5 of the written lesson for Book 16.) .Furthermore, rule t is the ' 
inverse">>f rule t , 'so we also ha'v(e It i . For example^^ il\ is*the * ' ' 



t r<inslati\jn 
then I is 



( . A ) 

( H - A) 



1- 



100 ) . 



( □ +' 4-. . . A 
'( □ - 4^ ,' A + 100 ) . 



Translations are simple. SoniC problems: 

o ■ ' ■ 

I. . Write the translation that' sends ( I , 2) to (10,10). 



( 



'A) 



' 4 



L. 

3. 

4.' 

5. 

6. 

7. 

8. 



Where does the rule you wrote for problem 1 send' (0 , 0) ? 

What point gets sent t£ ( 0 0 ), using the game rule '(rule c) ? 

^ Whe re 'does .the inverae of t:ule c send (0,0)? ^ 
HI J * . ' ^ . — ~ ^ — ^ 



Where i^- (3- , 6,) sent, using rule ? 



Starting at ( 0 , 0) make three consecutive jumps .with rule c . What 

* ' - 

is your final -landing .point ? , _ ''„.'' ' . ' 

Starting at ( 0 , 0)^ make, one jump with rule ccc . Wherekdo you " ^ 
land ? - ' ■ * . 



^ One jumpvwith the translation d^sends the-point (798 , -14^^) 
897 spaceji^J-taight down., • ' 

Write the invergie of tule d. ' . . - .. ■ ' 



(11 , A) ^ 
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We turn now lo retle\:.tionH unci rotations/ cons iddi*ing for the momeat 
two very.simpU* re tlections . first h 



1^8 

9 



which flips the plane aro^dnd the first nunr\be.r line. Its effect* ?>n' numbeV 
pairs is to keep the. fifst component the sdme but to, replace the second, 
component by its opposite. Notice that standstill points for f are exactly'^ 
*all points^^^n thp first number line^ ^ Also, f \^ its ov/n inverse: - ff, - i . 
(Ot courses this is true ot all relief tions-^nob just f.)-' ' " 



The Hcc-ond retltrtftiohvwt: consider is (LI , A) ^ - ■> (A , □ ) v^'hich is 
the tlip about' the diagonal line through (0^0) and (1,1).'^ Ua effect on. 
'nunibtir pairs in .sinip^ to iiTtt;rchange fhe coriiponents . The fixed points for 
g 'tre those points whose cVIrdinates are equail. And again, g ^ g —that 



ia» Its own mvt^rse 



1 
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. We userl the letter f because it would suggt'-st "flip'' / The letter 'g is 
.near f in the. alphabet and thus seems appropriate to .indicate another 
flipping rule. Because rules f and g are used so frequently,' we rewrite 
thettyat the top of all appropriate pages. 



^ (,□ -A) 



'•■ , A) — ^ 

( □ , A) — ^ (A , IT) 



What (ldt!H. L"ht' conipositt; rule tj^ do ? The lu'iadex' is encoux'age.d to 
(•lit Out tho square at \>hv. bottom of this page, give it a flip like ^this: 




r ule f 



and tlien a flip Hkt- this: 



/ 



rule g 
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Cut, out this square 




mmimmmmmmmm 



(d /A) — ^ (□ , -A) 



Tl\e, final reault looks like this: 







0- 




< 





The little man haT been rotated 90° counterclockwise. (This is hard to 
show in pictures. It' s much more convincing if you actually do it yourself.) 

In terms of boxes and wedges the rule fg is -(f^U , A ) >'{ -A , □ ), because 



M . A) 



('1 , -A) — ^ (-A, n ) 



A 



A 
J V 



Take the opposite of^. ^ Interchange 



second component, 



components . J 



The origij^, (0 , 0) , is the sol:^ fixed point of this rotatipn. 
Problems: 

1. If fg is a counterclockwise rotation of 90° , what is fgfg ? that is, what 
^motion has the same effect as two stkcessive 90° counterclockwise 
rotations ? * 

^ule fBfgtK is a rotation of degrees counterclockwise, or, what 

amounts to the same thing, a rotation^oY degrees clockwise. 

3i \Vhat,is a much simpler name for rule fgl^gfg ? 

4. The rule gffg must be- i because we can cross off the ff in the middle 
(since ff = i ) and then A;ye are left with gg , which is also i . So, 
since (Kf)(fg) = i, gf must be the inverse of fg. Describe what 
rule gf does. ^ ' 



. (□ , A) - 



( □ , -A ) 



You can doubtless figure out how to get a reflection about the second 
number line. Instead of taking^ the opposite of the second componei^ as 
wo (lid in rule t , wt; must take the opposite of the first cpmponent. 
'['he rule La then (11 , A) — ^ (~'^. > ^) • But let's see how we could , 
have obtained t'his rule using only f 's and g's. Since we want to flip 
around the secc id number line, we first do a rotation of 90° clockwise, 
using rule gf which sends the second number line into the first. Then 
we tlip using rule f , and finally rotate 90° counte rc loj^kwise, using 
rule fg . The^ffects of these rules on ac' triangle, S, are shown below. 

composite reflection 
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rotate 90" clockwise 



f 

flip 



1^ 
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fg 

rotatjB back again 



Thv. composite rule is therefore gfffg , which we can simplify ihto gfg by 
crossing jijtit f f . With boxes and wedges we have: 



( (J , A ) 



A 



> (A*: □) 



> '(A , -n ) 



^ 



-> (-n , A) 



^ switch /take opposite of^ ^ switch 

(^components ) ysecond component^ (components ) 




1 



i ■ (LT ,.A) 

4..LL._^..A. 



-A) 
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Tht! same sorj; oi" thing ia happening with the boxes and-^edges as is 

happening in the pictures/, we move the box into the second slot» take its 

opposite, and ther^ movti/it back. An analogous thing occurs' in hospitals. 

The patient is moved from his room to the operating room, is operated 

on, Um\ then ttioved back to his own ro6m. Moving the surgical equipment 

to the patient' s room ancl operatijig ^here would have the s.ame effect, but 

course the standard procedure is far easier i • 

\ ^""^ « 

Our last simple reflection will be one about the other diagonal — the 
line through ("1 , 1) and (0 , 0 ) . - • . ^ 
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Rotating 90*" counterclockwise will bting the diagonal line shoWn onto the 
diagonal through (0,0) and (1,1), Then we flip using rule g and 
finally rotate 90"* clockwise, We illustrate these steps by showing their 
et'foct on another* tri'angle. . ov^. 
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(□ , A) 
"T U . A ) 



»..(□ . -A) 



This time the compoaite rule ia fgggf » or, more sinSply, fgX. 



(Ll , A) 



(□ . -A) 



-> (-A , □) 



-> ( -A , ) 



We summarize the reflections , and rotations we have so far: 





Rule 


Name 


Effect 


Stands-till gjoint(s) 


ROTATIONS 


( 1, \ ) ^ {-A, 11) 


fg 


90° counterclocky/ise 
ov Z70° clockwise 




(! 1 . ^) — > (-□ , -A) 


fgfg or 
gfgf 


loO counterclockwise 
or 180"* clockwise 


(0,0) 


(M . \) — > (A, -□ ) 


fgfgfg 
or gf 


270^ counterclockwise 
or 90** clockwise 


(0,0) 


( 1. A.) —> (□, A) 


fgfgfgfg 
or i 


counterclockwise 
(^t[ clockwise . ^ 


every point 


REFLECTIONS 


(n _\)^— >-( 1,-A) 


f 


flip around first 
number line 






(i:i,A). (A.n) 


g 


flip around ^ diagonal 






(n..A) — > (-□. A) • 


gfg 


flip around second 
number line v 




(n, A) — > (-A.-n) 




flip around diagonal 





The reader may bie wondering, "How can I remember all those rules? 
rhey all look so much alike," Indeed they do, and this iis why nobody does 
memorize them. All you have to remember is the two reflections 



(ri , A) 



f 



^ (D.-A) and (n,A), 



-> -(A , □ ) , because all 



the others can be generated from these two. (If this is reminiscent of 
lists of rules discussed in an earlier supplement, it should be. Rules f 
and g generate a list of eight rules — those appearing in the chart above.) 
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(□..A) --d^ "(n. -A) 

(o.A) — Ji::ir-(A.a) " 



III. 



vSo tar, our rotations -have been around the orig^in and our reflections 
about lines through the origin. -Can we find rotations and reflections through 
other points and. lines? Techniques similar to those we have already us6d 
are brought into play a^ain; we illustrate by deriving the 90° counter- ' 
clockwise ro-tation around the point ( 5 , 2) , whose effect on triangle Y 

< ■ ■ ■ 

is shown below. , . . 




We first perform the translation that sends (5,2) to (0,0); then we 
do the rotation fg ; finally we slide back using the inyerse of our original 
translation. The first translation, t , is , > 



(□.A) 



-> (□ - 5., A 



2) 



Our rotatiojn. is 



and the inverse translation is 

T 



(□ . A), 

*anslati< 
(□'.A) 



(-A.G) ' 
■> (□ + 5 , A + 2) 



This gives us 



(II, A) 



-> (□ -«5 , A - 2P 




(-(A - 2) . □ - S) 



(\(A - 2) + 5 , n - 5 + 2) 
^^^^ > (■^(A -,2) + 5, Lt\- 5 + 2) 

t 

3) 



so . ((.1 , A) - 

or, simplifying, (DjA) — ^^^^ — > (7 - A, □ 



(□ , A-) 
"(□ . A) 



■^ (D , -A) 



- > (A , U) 



The ett'ects on triangle Y of thfe "succes»ion of rules 't , fg , and t (and 
hence the effec't of the composite rule tfg t) are shown here: 









t 






H 

i 








t 




















\ 


/ 
























— 1 






1 


? 


— 




































































1 












1 . 







The reader is encouraged ^to try this rule on a few pgints to se6 that it really 
performs advertised. 

One histVxample: What is the re flection abotft fhe line through (-7 ,0) 
) ? , 



and j^^ ' 
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Pick any point on the line in question and find tfie translation which sends 
that point to ( 0 , 0) . (Call the translation s . ) Then do t'he flip 
(□ , A) ^ > (A , □)• Follow that >)vith the inverse of the translation. 
Suppose we pick ( 1 , 6 ), which is on the line through (-7 0 ) and ( 0 , 7 ) . 

(11 , A) — ^ (□ +1 , A - 6) 



( A 6 . □ + 1 ) ^ > (A-6 - l,D + l + 6) 



So, 



. A) 



^ (A - 7 . □ + 7) 



(□ , A) -^-^^ (A ; □.) 



Would it have made any di,fference if we ha^picked a. point other than (-1 , 6) ? 
Try ( -4;, 3). The rules then look like this: . ' . 



((..] , A ) — ^ {□ 4 4, A - 3 ). (A 3, q + 4) 

Again we Ij^ave (D, A) — > (A -7, □+?) 



n 



(A - 3 - 4. □ + 4+ 3,,) 



More Ptol^lems: . 

I. . Using the rules <s , g and n of pages 32 and 33,- write the rule sgn using 
bcixes and wedges. (This kind of isometry'is like-the rules^^of the first 
t'ive pages of the written lesion in this booklet and is called a glide 
re^flection. ) ' * ... 

A. What are all the^sometj-ies t*hat doViotralter the position of the rectangle 
s hown below ? 



'3. 
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(Hint: There are four of them, two of which. ar'e reflections.) ' 

What are all the isometries that do not alter the position of the triangle 
shown below? ' ^ * . 
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There are four isometries which take the points of rectangle S fnto- 
the points of rectangle L . Of these fput, how nnany take the point 
X into the third (lower left-hand) quadrant? 
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Find a point Y such that exactly one of the four isometries of problem 

s 

4 takes Y into the thirds-quadrant. 

Replace the underlined word of problem 5 by tl^ree ; by four ; by none. 
Which are possible? 



IV. • , 

( - ■ 

We have said nothing about 'rotations through angles other than 0\ 90% 

/' 

IBO*", or 470^, nor have- we mentioned -reitleGtions about lines other than 
those that nuike angles. of 0°, 45°, 90°, or 135° with the first number line." • 
The reason for this is that even tl^ough othe^ reflections and rotations' are 
as simple conceptually as fphe ones we have considered, they are devilishly 
difficult to express in bojt-wedge jumping rule form. If the angles involved 
are simple, likq, 30° or 60°, then some of Jthe numbers involved are irrational 
(like VT ); if the numbers are relatively simple the angles are never easy 
to handle. This is just the way the ball bounces (reflects); 'but, for the 
determined reaVler we append two formulas: 

1. , The reflection about the line that goes through (0,0) and ( 1 , n) is: 

(,.. A, -_^(- nij^ X ,,, , i2_ ^ A , ^ ^ -ni^ X 

V n^ + i n^ + 1 n^ + 1 n^ + 1 

( The synibol "1" stand^for the number one, and is not a lower case 
lette r L. ) * 

2. : The rotation which kee^s (0,0) fixed and^ sends (1,0) to . ( a , b ) is 

given by 

( 1,A) — > (\d -bA, bn+ aA) 

\ ■ ^ 

The rotation jumping rule looks pretty straightforward until you realize that 
the point (a, b) must be on the circlfe^of radius 1 centered at (0,0), 
because the distance between (0,0) and ( a , b ) must be 1 , just as ijt is 
between (0,0) and (1,0). Even a rotatit^n as seemingly simple as 45° 
counterclockwise necessitates irrational nurnbfe^s, for we must send (1,0) 
to ( — - , -—^ ) making the rule ' 
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